Following the prescription of Ref. [1] in which perfect state transference (PST) of a qubit over distance regular spin networks was discussed, in this paper PST of an arbitrary d-level quantum state (qudit) over antipodes of more general networks called pseudo distance-regular networks, is investigated. In fact, the spectral analysis techniques used in the previous work [1], and algebraic structures of pseudo distance-regular graphs are employed to give an explicit formula for suitable coupling constants in the Hamiltonians so that the state of a particular qudit initially encoded on one site will evolve freely to the opposite site without any dynamical control, i.e., we show that how to derive the parameters of the system so that PST can be achieved.
Introduction
The transference of quantum information, encoded in a quantum state, from one part of a physical unit, e.g., a qubit, to another part is a crucial ingredient for many quantum information processing protocols [2] . There are various physical systems that can serve as quantum channels, one of them being a quantum spin system. Quantum communication over short distances through a spin chain, in which adjacent qubits are coupled by equal strength has been studied in detail, and an expression for the fidelity of quantum state transfer has been obtained [3, 4] .
Similarly, in Ref. [5] , near perfect state transfer was achieved for uniform couplings provided a spatially varying magnetic field was introduced. After the work of Bose [3] , in which the potentialities of the so-called spin chains have been shown, several strategies were proposed to increase the transmission fidelity [6] and even to achieve, under appropriate conditions, perfect state transfer [7, 8, 9, 10, 11, 12] . All of these proposals refer to ideal spin chains in which only nearest-neighbor couplings are present. In Refs. [7, 8] , the d-dimensional hypercube with 2 d vertices has been projected to a linear chain with d + 1 sites so that, by considering fixed but different couplings between the qubits assigned to the sites, the PST can be achieved over arbitrarily long distances in the chain. In Ref. [1] , the so called distance-regular graphs have been considered as spin networks (in the sense that with each vertex of a distance-regular graph a qubit or a spin was associated ) and perfect state transference (PST) over them has been investigated, where a procedure for finding suitable coupling constants in some particular spin Hamiltonians has been given so that perfect transference of a quantum state between antipodes of the networks can be achieved. The aim of this paper is to extend this proposal to systems of particles with arbitrary number of levels, the so-called qudits. These systems can be appeared in condensed matter and solid state physics such as the fermionic SU(N) Hubbard model [13, 14, 15] . In Ref. [16] , state transference over spin chains of arbitrary spin has been discussed so that an arbitrary unknown qudit be transferred through a chain with rather good fidelity by the natural dynamics of the chain. In this work, we focus on the situation in which state transference is perfect, i.e., the fidelity is unity. Furthermore, we consider more general graphs called pseudo distance regular graphs or QD type graphs [17, 18] (distance regular graphs are special kinds of pseudo distance regular ones) as underlying networks and investigate PST over antipodes of these networks. In fact this work is an extension of the previous work [1] to PST of a qudit over a pseudo distance regular network. We use the techniques such as stratification of the graphs [17] , [19] - [23] and spectral distribution associated with the graphs. Then, we consider particular hamiltonians with nonlinear terms and give a method for finding a suitable set of coupling constants so that PST over antipodes of the networks be possible. In fact, we give an explicit formula for suitable coupling constants so that PST between the first node of the networks and the opposite one can be achieved. As examples we will consider some important pseudo distance regular networks such as the G n networks, the modified G n networks, Hadamard network, etc.
The organization of the paper is as follows: In section 2, we review some preliminary facts about graphs and their stratification, pseudo distance-regular graphs and spectral distribution associated with graphs. Section 3 is devoted to PST of a qudit over antipodes of pseudo distance-regular networks, where a method for finding suitable coupling constants in particular spin Hamiltonians so that PST be possible, is given. The paper is ended with a brief conclusion and one appendix.
Preliminaries
In this section we recall some preliminaries related to graphs, their stratifications and the notion of pseudo-distance-regularity (as a generalization of distance regularity) of graphs.
Graphs and their stratifications
In this section, we review the stratification of the graphs and the notion of pseudo-distanceregularity.
A graph is a pair Γ = (V, E), where V is a non-empty set called the vertex set and E is a subset of {(x, y) : x, y ∈ V, x = y} called the edge set of the graph. Two vertices x, y ∈ V are called adjacent if (x, y) ∈ E, and in that case we write x ∼ y. For a graph Γ = (V, E), the adjacency matrix A is defined as
Conversely, for a non-empty set V , a graph structure is uniquely determined by such a matrix indexed by V .
The degree or valency of a vertex x ∈ V is defined by
where, | · | denotes the cardinality. The graph is called regular if the degree of all of the vertices be the same. In this paper, we will assume that graphs under discussion are regular. A finite sequence x 0 , x 1 , ..., x n ∈ V is called a walk of length n (or of n steps) if x i−1 ∼ x i for all i = 1, 2, ..., n. Let l 2 (V ) denote the Hilbert space of C-valued square-summable functions on V . With each β ∈ V we associate a vector |β such that the β-th entry of it is 1 and all of the other entries of it are zero. Then {|β : β ∈ V } becomes a complete orthonormal basis of l 2 (V ). The adjacency matrix is considered as an operator acting in l 2 (V ) in such a way that
Now, we recall the notion of stratification for a given graph Γ. To this end, let ∂(x, y)
be the length of the shortest walk connecting x and y for x = y. By definition ∂(x, x) = 0 for all x ∈ V . The graph becomes a metric space with the distance function ∂. Note that ∂(x, y) = 1 if and only if x ∼ y. We fix a vertex o ∈ V as an origin of the graph, called the reference vertex. Then, the graph Γ is stratified into a disjoint union of strata (with respect to the reference vertex o) as
Note that Γ i (o) = ∅ may occur for some i ≥ 1. In that case we have
With each stratum Γ i (o) we associate a unit vector in l 2 (V ) defined by
where
Pseudo-distance regular graphs
Given a vertex α ∈ V of a graph Γ, consider the stratification (2-4) with respect to α such that
Then, we say that Γ is pseudo-distance-regular around vertex α whenever for any β ∈ Γ k (α) and 0 ≤ k ≤ d, the numbers 6) do not depend on the considered vertex β ∈ Γ k (α), but only on the value of k. In such a case, we denote them by c k , a k and b k respectively.
It should be noticed that for regular graphs Γ (κ(β) = κ ≡ κ 1 for all β ∈ V ), the numbers c k , a k and b k read as
where we tacitly understand that Γ −1 (α) = ∅. The intersection numbers (2-7) and the valencies κ i = |Γ i (α)| satisfy the following obvious conditions
One should notice that, the definition of pseudo-distance regular graphs together with the Eq.(2-8), imply that in general, the valencies κ i ( the size of the i-th stratum) for i = 0, 1, ..., d
do not depend on the considered vertex β ∈ Γ k (α), but only on the value of k.
The notion of pseudo-distance regularity has a close relation with the concept of QD type graphs introduced by Obata [17] , such that for the adjacency matrices of this type of graphs, one can obtain a quantum decomposition associated with the stratification (2-4) as
where, the matrices A + , A − and A 0 are defined as follows: for β ∈ Γ k (α), we set
It has been shown in Ref. [17] derived from A such that
One can easily check that the coefficients α l and ω l are given by
By using (2-9) and (2-11), one can obtain
One should notice that, the vectors |φ i , i = 0, 1, ..., d − 1 form an orthonormal basis for the so
Then it can be shown that [24] , the orthonormal basis |φ i are written as
i is a polynomial of degree i in indeterminate A (for more details see for example [19, 24] ).
It may be noted that, the pseudo-distance-regularity is a generalization of the notion of distance-regularity which is defined as:
the numbers c k (β), a k (β) and b k (β) defined in (2-6) depend only on k but do not depend on the choice of α and β.
Now, it should be noticed that, the stratification of distance-regular graphs will be independent of the choice of the reference vertex (the vertex which stratification is done with respect to it).
Spectral distribution of the graphs
It is well known that, for any pair (A, |φ 0 ) of a matrix A and a vector |φ 0 , one can assign a measure µ as follows
where E(x) = i |u i u i | is the operator of projection onto the eigenspace of A corresponding to eigenvalue x, i.e.,
Then, for any polynomial P (A) we have
where for discrete spectrum the above integrals are replaced by summation. Therefore, using the relations (2-16) and (2-18), the expectation value of powers of adjacency matrix A over reference vector |φ 0 can be written as
Obviously, the relation (2-19) implies an isomorphism from the Hilbert space of the stratification onto the closed linear span of the orthogonal polynomials with respect to the measure µ.
From orthonormality of the unit vectors |φ i given in Eq.(2-5) (with |φ 0 as unit vector assigned to the reference node) we have
where, we have used the equation (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) . Now, by substituting (2-15) in (2-13) and rescaling
. . ω k P k , the spectral distribution µ under question will be characterized by the property of orthonormal polynomials {Q k } defined recurrently by
If such a spectral distribution is unique, the spectral distribution µ is determined by the identity
where, x l are the roots of the polynomial Q d+1 (x). G µ (x) is called the Stieltjes/Hilbert transform of spectral distribution µ and polynomials {Q (1) k } are defined recurrently as
respectively. The coefficients γ l appearing in are calculated as
Now let G µ (z) is known, then the spectral distribution µ can be determined in terms of
(for more details see Refs. [18, 25, 26, 27] ).
3 PST of a qudit over antipodes of pseudo distanceregular networks
State Transference in d-dimensional Quantum Systems
A d-dimensional quantum system associated with a simple, connected, finite graph G = (V, E)
is defined by attaching a d-level particle to each vertex of the graph so that with each vertex i ∈ V one can associate a Hilbert space H i ≃ C d . The Hilbert space associated with G is then
given by 26) where N := |V | denotes the total number of vertices (sites) in G.
Then, the quantum state transfer protocol involves two steps: initialization and evolution.
First, a quantum state
(with a ν ∈ C and d−1 ν=0 |a ν | 2 = 1) to be transmitted is created. The state of the entire spin system after this step is given by
(3-27)
Then, the network couplings are switched on and the whole system is allowed to evolve under U(t) = e −iHt for a fixed time interval, say t 0 . From the fact that H|0 A ⊗ |0...00 B = 0, the final state at time t 0 will be
where f so, the state at B, after transmission, will no longer be |ψ A , but will be of the form
The phase factors e iφν for ν = 1, 2, ..., d − 1 are independent of a 0 , . . . , a d−1 and will thus be known quantities for the graph, which one can correct for with appropriate phase gates.
The model we will consider is a pseudo distance-regular network consisting of N sites We now assume that at time t = 0, the qudit in the first (input) site of the network is prepared in the state |ψ in . We wish to transfer the state to the Nth (output) site of the network with unit efficiency after a well-defined period of time. As regards in the above argument, we choose the standard basis e i = |i , i = 0, 1, ..., d − 1 for an individual qudit, and assume that initially all particles are in the state |0 ; i.e., the network is in the state |0 = |0 A 00...00 B . Then, we consider the dynamics of the system to be governed by the quantum-mechanical Hamiltonian
where, λ i is a d 2 − 1 dimensional vector with generators of SU(d) as its components acting on the one-site Hilbert space H i , J m is the coupling strength between the reference site 1 and all of the sites belonging to the m-th stratum with respect to 1, and P m 's are polynomials given in (2-15) which are obtained using three term recursion relations (2-21) and the fact that
As it is seen from the Eq. (3-34) , the terms of the hamiltonian for m ≥ 1 are nonlinear functions of i∼j λ i · λ j .
In the following we note that the term H ij := λ i · λ j in the hamiltonian (3-34), restricted to the one particle subspace (the subspace of the full Hilbert space spanned by the states with only one site excited), is related to the adjacency matrix of the corresponding graph. To do so, we write H ij as follows
Before we proceed, one should notice that we have e pq ⊗ e rs = e (p−1)d+r,(q−1)d+s (3-36)
Then, from the fact that
pq ), and using the notation 
The Eq. (3-38) can be rewritten as follows
Then, one can show that
for proof see Appendix A.
Therefore, by using (3-37) and (3-40), H ij in (3-35) is written as follows
Now, one should notice that the permutation matrix which permutes two qudits, in terms of the elementary basis e pq can be written as
Then, the Eq.(3-41) takes the following form
where, P ij denotes the permutation operator which permutes i-th and j-th sites and We will refer to the states with only one site excited as one particle states and the subspace spanned by these vectors comprise the one-particle sector of the full Hilbert space. Then, the whole one particle subspace S can be written as
In the other words, in d N dimensional Hilbert space, we deal with d − 1 one particle subspaces (recall that, each of these subspaces has dimension N). In the case of PST of a qubit, we have only one one-particle subspace of dimension N.
One can easily show that, the operator i∼j P ij restricted to the one particle subspace S (l) , can be related to the adjacency matrix A, as follows Then, by using (3-43) and (3-44), the hamiltonian in (3-34) restricted to each one particle subspace S (ν) , for ν = 1, 2, . . . , d − 1, can be written in terms of the adjacency matrix A, as follows
For the purpose of the perfect transference of a qudit, we consider pseudo-distance-regular graphs with κ D = |Γ D (o)| = 1, i.e., the last stratum of the graph contains only one site. Then, we impose the constraints that the amplitudes φ Therefore, the amplitudes φ
, for i = 0, 1, . . . , D must be evaluated. One can easily show that these amplitudes are independent of the value of ν, i.e., it suffices to evaluate them for one choice of ν, say ν = 1.
As it has been shown in Ref. [1] , the above mentioned constraints (by choosing ν = 1, the other choices give the same results), are equivalent to the following ones:
JmPm(x k ) = 0, i = 0, 1, ..., D − 1.
Denoting e −2it 0
D m=0
JmPm(x k ) by η k , the above constraints are rewritten as follows
The Eq.(3-47) can be written as
with P ij = P i (x j ). From the orthogonality relation (2-20) and using (2-25) , one can obtain
with W := diag(γ 0 , γ 1 , . . . , γ D ). Therefore, P is invertible and the Eq. (3-48) can be rewritten
The above equation implies that η k γ k for k = 0, 1, ..., D are the same as the entries in the last column of the matrix P −1 = W P t multiplied with the phase e iθ , i.e., for the purpose of PST, the following equations must be satisfied
One should notice that, the Eq.(3-50) can be rewritten as or
where l k for k = 0, 1, . . . , D are integers and f (k) is equal to 0 or 1 (we have used the fact that γ k and (W P t ) kD are real for k = 0, 1, . . . , D, and so we have γ k = |(W P t ) kD |). The result (3-52) gives an explicit formula for suitable coupling constants so that PST between the first node (|φ 0 ) and the opposite one (|φ D ) can be achieved.
4 Examples of pseudo-distance-regular networks
The networks G n
The networks G n presented in [28] , consist of two balanced binary trees of height n with the 2 n leaves of the left tree identified with the 2 n leaves of the right tree in the simple way shown in Fig. 1 (for n = 2 ). The number of vertices in G n is 2 n+1 + 2 n − 2. For the purpose of PST over G n , we prepare the initial state to be transferred, at the left root of the graph and wants to calculate the suitable strength coupling constants so that the probability of the presence of the initial state at the right root be equal to one for some finite time t 0 . One can show that G n is a pseudo-distance-regular graph with (2n + 1) strata, where stratum j consists of 2 j vertices for j = 1, 2, ..., n + 1 and 2 (2n+1−j) for j = n + 1, ..., 2n + 1. Therefore, its QD parameters are
Then one can show that [19, 20] the polynomials P i (x) are given by
where U i 's are the Tchebishef polynomial of the second kind. Then, x l 's (the roots of the
)) and the coefficients γ l are given by
Therefore, we have P ij = U i (
) or equivalently
(4-55)
Furthermore, as it is seen from (4-55), the matrix P is a polynomial transformation [29] . By using the result (3-52), we obtain
), for k = 0, 1, . . . , 2n.
In the following we consider the case n = 2 in detail. In this case, we have
Then by using the equations (4-55) and (3-49), we have
Now, using the Eq. (4-56), one can obtain the following suitable coupling constants in order to PST between the most left and the most right nodes be achieved:
The modified G n -type networks
This type of networks consist of two balanced binary trees of height n + 1. For the graphs G n , set entrance and exit to the left root and the right root of the trees, respectively (see Fig. 2 for n = 2). These networks are pseudo distance regular networks which are characterized by the following intersection array
Then by using (2-8) and (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) , one can obtain
Now, by using the QD parameters α i and ω i , and the recursion relations (2-21) and (2-23),
one can obtain the Stieltjes function for any given n and spectral distribution µ(x) for the modified G n -type network. In the following we consider the case n = 2 in detail.
In this case, we have
Then by using the recursion relations (2-21) and (2-23), one can obtain the stieltjes function as
.
By using the recursion relations (2-21), we obtain
(4-57)
Then, from the fact that, x l , l = 0, 1, 2, 3, 4 are roots of Q 5 (x) (the denominator of G µ (x)), we obtain
By using the Eq.(2-21) and the fact that 
Now, using the Eq. (3-52), one can obtain the following suitable coupling constants in order to PST between the most left and the most right nodes be achieved:
Pseudo-distance-regular network derived from Icosahedron network
This network has 12 nodes with
The stratification with respect to the initial node 1 and the final node 12 produces the same strata (see Fig. 3 ). Therefore, the PST between the nodes 1 and 12 can be achieved. To do so, by using the recursion relations (2-21), we obtain Q 1 (x) = x, Q 2 (x) = x 2 −2x−5, Q 3 (x) = x 3 −4x 2 −5x+10, Q 4 (x) = x 4 −4x 3 −10x 2 +20x+25. By using the Eq. (3-52) , we obtain the following constants in order to PST be achieved:
. 
